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ABSTRACT

A new finite element modeling 1is presented to
investigate the static and dynamic Dbehavior of laminated
composite beams with partial delamination. In this study, a
newly developed rectangular be3r ~lement is used. The element
has lateral and axial displacen :nt. as degrees of freedom but
no rotation. For simplicity, linear sb>ape functions are used
for the beam element. As a result, the element has six degrees
of freedom, four of which are the axial displacements at the
corner points and two are the lateral displacements at the
ends. In addition, contact-impact conditions are appliec to
the finite element modeling to avoid overlapping of the upper
and lower portions of a delaminated section. The numerical
study shows that depending on existence of an embedded
delamination crack and its size, the response is different for

a beam with a crack and subjected to a short impulse load.
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I. INTRODUCTION

Laminated composite structures provide improved mechanical
properties such as high strength, stiffness, toughness and
high temperature performance [Ref. 1]. However, these
structures have more complicated failure mechanisms and modes
compared to those of conventional metallic structures. One of
the common failure mode is inter-delamination.

The objectives of this study are to develop a finite
element model for an analysis of laminated composite beam
structures containing an inter-delamination crack and to find
a methodology to detect an embedded interlaminar delamination.
For delaminated beams, a short impulse load is applied to find
out whether the dynamic response varies significantly compared
to the dynamic response of structures without a crack.

In this study, a newly developed finite element model
[Ref. 2] is used for the simulation of beams containing an
inter-delamination crack. A rectangular element that has six
degrees of freedom is used. The element allows axial
displacements at its four corner points and lateral
displacements at its two ends. Using this element, static and
dynamic analyses of laminated composite beams containing a
local delamination crack are conducted. First of all, static
deflections as well as natural frequencies and mode shapes of

beams without delamination are calculated to check the




accuracy of the element. Laminated composite beams with a
partial delamination are studied using the contact-impact

conditions applied at the delaminated portion.




ITI. PFINITE ELEMENT FORMULATION

A. PFINITE ELEMENT MODELING

A newly developed rectangular finite element, Figure 1, is
used to investigate the static and dynamic behavior of
laminated composite leams. The element has six degrees of
freedom and allows axial and lateral displacements but no
rotation. There are axial displacements at the four corner

points and lateral displacements at the two ends of the

element.
y A
AV AY2
u, L u,
bf o >
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u, l u,
e - > —>»
0 a x

Figure 1 :Four Noded Rectangular Element with Six Degrees of Freedom.

In Figure 1 and the subsequent formulation, u represents




the axial displacements at the corner points and v represents
the lateral displacements at the ends. The subscripts "“1" and
“2" refer to the left and right ends while the superscripts
“"t* and "b" indicate the top and bottom sides of the element,
respectively.

The displacement model of the element is

a={5f§;y’}=[m{d°} m

where [N] is the matrix of shape functions and {(d°} is a
vector of nodal displacements. The axkial displacement is
assumed to vary linearly along both axial and lateral

directions. It can be written as

2

u(x,y) =1E1N" (%) [H () ul+i (y)ufl @)
=N, (x) H, (y) uP+N, (x) H, (y) u," + N, (x) By (y) uP+ N, (X) B () uf

The lateral displacement, which is assumed to be constant

through the thickness of the element, varies linearly along

the axial direction and can be written as

2
=N
v(x) i)_:l L (X) v, 6)

=N, (X) v; + N, (X) v,

Here, N; and H; are the linear interpolation or shape functions
in the axial and lateral directions. The beam element may use
a higher order shape function for the axial direction, i.e.
N;, and the linear shape function for the lateral direction,

i.e. H;. However, in this study, the linear shape function is




used for both N; and Hi for simplicity. That is,

N (x)=1-%
a

=X
N, (x) = 2 @
H(y)=1-%
Ky = -‘;—;

where a and b are the length and height of che beam element,
respectively.

For simplicity, notations N;, N,, H, and H, will be used
instead of N;(x),N,(x),H,(y) and H,(y) in the following
derivation.

For two dimensional elasticity problems the strain vector

can be expressed as [Ref. 3]

jex a/ex 0
g=\e, 0=l 0 8/3y|{,{=[BId% 3)
V) [8/8y a/8x

where {d*} is the vector of nodal displacements and [B] is the
matrix that relates strains to the nodal displacement vector.

Normal strains can be written as

du_ON, N1 Nz
€.~ 'a_J"- ox Hlulb ax quz a’: quzt ©)
av

£ ==—=z=0

Y oy

and the shear strain is




au ov a‘HLN b, aHz aH1 Hz aN1 asz %)

= e P ———

Yo oy ax oy oty Ml 5y N+ M e oo v
The element stiffness matrix can be obtained by minimizing
the total strain energy which contains both bending and the

transverse shear energy. This minimization yields <the

following element stiffness matrix
[k ®1=[k21+[kS] (8)

where the subscripts "B" and "S" indicates bending and the

transverse shear respectively.

The bending and transverse shear stiffness matrices are

given as
ab
[k =[ [(B)" BB} dydx )
00
ab
k51 =[ f(B)76lB) dyax (10)
00

where E and G are the elastic and shear modulii of the beam
and the vectors {Bg} and (B;} are derived below.
The strain-displacement relationship for the normal strain

in the axial direction is




S

e~ (B, b (11)

-8

FE

. V2

/

and the relationship for the shear strain is

b)

gt

v,
Y.o=(Bd u}' (12)

uzt

V2]

Equations (11) and (12) yield
[oN,  oN oN,  oN,
(B)'{FEH! T

(13)

[ oH, 8H, 8N, 0H, _ 3H, oN,
{B;~{% a Naay' ox Aeibr'miay ox

The bending stiffness matrix can be obtained by carrying

out the integration in Eq. (9) which will result in

(B B, _m _ bl

3a 6a 3a 6a

Eb Eb , Eb _Eb ,

6a 3a 6a 3a
0 0 0 0 0 O

(k1= _Bb _20 Eb  Eb 0 (14)

3a 6a 3a 6a

_E B, Eb Eb ,
6a 3a 6a 3a
0 0 0 O 0 0




For Eg. (10) the reduced integration technique is used
along the x-axis to prevent shear locking which occurs when
the ratio of beam length to beam thickness is large. This

integration yields the transverse shear stiffness matrix of

the form
(Ga _Ga 6 G Ga _G
4b 4b 2 4b 4b 2
Ga Ga G Ga G G
4b 4b 2 4b 4b 2
6 6 & 6 _G _ob
(ker=| 2 2 a 2 2 a 15)
ST|Ga _Ga & G G G
4b 4b 2 4D 4b 2
Ga Ga G Ga Ga G
4b 4b 2 4b 4b 2
G G _G& _G G 6b
172 2 "3 2 2 &

The element stiffness matrix, which is obtained by adding
the bending and transverse stiffness matrices, can be

expressed in the following form

a+2a, -a+a, a, a,-2a, -a-a, -a,

-a,+a, a,+2a, -a, -a,-a; a-a, a,
a, 8, & a, 8 &

(16)

a,-2a, -a-a, a, a+2a, -a+a, -a,

-&,-a, a,-2a, -a, -a,+a;, a+a, aq,

[k°®]=

| T8, a -4, -4 a, azj
where
G . @ . B .G
4 BTy BT A3 L)
8




The mass matrix can be derived consistently in a similar
way. In this study a diagonal (lumped) mass matrix was used

since it takes less computing time. The mass matrix is

1

7 0 00 0 o0

1

0 7 0 0 00

0 o0 % 0 0 0
[m°]=pab) 1 (18)

o 0 0o X o0 o

2
1

0 0 0 0 20

1

0 0 0 0 0 3

where p is the mass density, a and b are the length and height

of the element. The element is assumed to have a unit depth.

B. LAMINATED COMPOSITE BEAMS

In the most generalized form Hooke's law can be written as

0;~Cijmf s i,7,k,1=1,2,3 (19)

using tensor notations [Ref. 4]. Here Cj,, represents the
elastic stiffness. Using the symmetry of stress and strain
tensors, 1i.e. 0;50y4 and €778 540 and using a shorthand notation
we can write the normal stresses and strains as

0,=0,, €1=€y,




02=0,;, £,=8,,
G3=0;; E3=E64,

while the shear stresses and strains are written as

04=033:-03, €4=€23.85,
05=03;.013 Eg=83;.F4,
06=012.023 £6=812.8p

For general orthotropic materials Hooke's law can be written,

in the inverted form, as

2 [Su 528, 0 0 0}
: Sasy 0 0 o
sl s5 0 0 ol a0
A S 0 01
e Sis 0|l
Ses

where [S,,] is the compliance matrix, which is the inverse of
the matrix [C,,]. For the state of plain stress, Eq. (20) is

reduced to

1
£,0=|S, S, 0 10, 21)
) |0 0 s,|P

Stress-strain relation can be obtained by inverting the
relation given in Eqg. (21)
0, @, 0 e,

2f=|%2 @2 O )E, (22)
8 [0 0 g

[

10




where the reduced stiffness terms are

_ E
Qu-l-vﬁﬁ
. K
%155, 23)
0. v, E - V,E
12 1-v,v, 1-vv,
Qs6=Cs

In this study, the width of the beam is neglected, i.e. it is
assumed to have a unit width. Therefore, only the elastic
modulus along the beam axis is considered. Two different
laminae with four and eight layers are used for calculations,
i.e. [0/90], and [0/90/0/90], where the subscript *"s*"
represents symmetry with respect to the middle axis of the
beam.

There are several methods used in modeling laminated
composite beams. In this study, two different techniques are
used. The first technique discretizes respective layers in the
finite element analysis. As a result, the total number of
elements is proportional to the number of layers in a
laminated beam. Of course, static condensation can be
performed to reduce the number of total degrees of freedom by
eliminating internal layers degrees of freedom. This modeling
technique is computationally expensive but it can describe a
general shape of deformation through the beam thickness. The
second technique uses one beam element through the beam

thickness regardless of the number of layers. This technique

11




|

is computationally efficient but it assumes a linear
deformation through the beam thickness. The development of
this technique is described in the following paragraphs.
#V 1 AV 2
uj u
‘\ h\
¢ ‘\ ' \\
“u \\ uu \\
£ = ™
\\ k ‘\
[ I [ I y
hk‘l'l u..l \\\ “u \\
{ ‘\ ‘\
h \ \
k 5! b
L« Lt
Figure 2 : Laminated Beam Element
Let u, and v, represent the axial and lateral displacements
of the kth layer and let h be the beam thickness while h, and
h,,, represent heights of the top and bottom sides of the layer
measured from the bottom of the beam

(see Figure 2). The
relationship between the layer displacements and the global
beam displacements can be written as

12




ukl,’1 =G u1b+ oy,
uk'.:l =G ”1b" o’
V1=V

Ugz= G Uy + 6ot

t _ b ¢
Uy 2= Gy +C Y
Vk,2= V2

24)

where the constants, c¢'s, are

h-h,
C1= )
h
c2=—ﬁ‘-‘
i h- B, 25)
S x
- hkol

Oy

This relationship can be expressed in the matrix form as

b ) -c1c200 0 0]

x,1
: 00
05 51000
Kir= 26
":’ 0 00c o0 26)
k2| [0 0 0 ¢ ¢, 0
x2 10 000 01
or
{a%=[11{a) @27

where (d*) and (d) are displacement vectors of the kth layer
and the beam, and [T] is the transformation matrix. Now,
stiffness and mass matrices of a laminated beam element can be

expressed as

13

et e e



[k‘]=g [(T1T[k*] [T
L (28)
[m‘]=§1 (TIT[m*) [(T]

Here, [k*] and [m*] are the stiffness and mass matrices of the
kth layer, respectively. Using this technique, a single beam

element can include all the layers of a laminated beam.

C. DYNANIC ANALYSIS

In dynamic analyses, displacements, velocities,
accelerations, stresses and strains need to be calculated at
each time interval since they all vary with time. This
reguires a time integration scheme. In this study, a form of
central difference method is used in the dynamic analysis of
undamped systems.

The general equation of motion at time t can be written as

(M) {u}, + (K] {u}, ={F}, 29)

The central difference method can be applied in three steps.
A) Compute [M] and [K]

B) Initial calculations

1. {w,=IM) ({F)y- [KMu)y)

2. {u} _%5=(u}_ At +u}, (At) (30)

3. (u)u={u}o+{u)_¥ (At)

14




C) For each time step

1. {w.=[M]) ({F},- [K){u},)

2. {0, se=ta),_ae+ith (aE) 1)

3. {ul,, .=l t4-{14!)&97: (at)

This method is conditionally stable when the time step
size At is less than or equal to the critical step size [Ref.

5,6]

At<At_-= 32)

o

where (w,,)?is the largest eigenvalue of the matrix equation
(19) with no forcing function. When At>At., it results in an

unstable numerical solution.

D. CONTACT~IMPACT PROBLEMS

In the case of partially delaminated beams, as shown in
Figure 3, the upper and lower portions of the delaminated
section may overlap each other if there is no constraint
applied on the portion during the finite element calculations.
This fact applies to both static and dynamic problems. To

avoid this overlap the contact-impact conditions are applied.

15




Ay’v

gap

delaminated
<— section —>»

Figure 3 : Simply Supported Beam with a Delaminated Section.

The contact-impact algorithm developed in [Ref. 7] is
applied to the present beam element as explained in the
following paragraphs.

Let the letters i and j represent the facing nodal points
in the upper and lower portions of a delaminated section, and
let v, and v, represent the vertical displacements of these
points. The procedure to apply the contact-impact condition is
explained below.

A) 1Initially, the central difference method is used to
calculate displacements, velocities and accelerations until
any two points contact each other (vi-vj>0) .

B) When the two nodes penetrate each other, i.e. Vi-vjso, the

16




release-to-contact condition is applied. And the corrected
values of the velocity, acceleration and elastic force are

calculated using the following formula;

_Mul M0l
* Ml + M2
- MulemPy?
T MLeM?
MM?
T,2T.- (u?-ul)
Ml + M2

33)

C) When they are released from each other, i.e. v,-v;>0, the
contact-to-release condition is applied and the corrected
values of velocity and acceleration are computed using the

following formula;

u=n 1+._____('1)°A”'1

("1)“‘(_1 (34)

uy=uts

where the value of a is 1 for the upper portion and 2 for the
lower portion of the delaminated section. Here the subscript
(+) is used for the updated values while the subscript (-1)
indicates the values taken at the end of the previous time
step and (-) indicates the values taken at the end of the last
iteration of the present time step.

For static problems, the contact condition is applied
simply by setting the vertical displacement of the upper
portion equal to the vertical displacement of the lower

portion where they overlap each other.

17




III. RESULTS AND DISCUSSION

A. VERIFICATION EXAMPLES

The present finite 2lement model and the computer code are
verified by analyzing three problems and comparing the results
with exact solutions. The verification examples are static
deflections of both isotropic and laminated composite beams
and the free vibration of beams. Two different boundary
conditions are applied. One of them is a simply supported beam

and the other is a cantilever beam. When loading is required,

a) P

\\\\\\\\\\\\\\\\!§

Z

Figure 4 : a) Simply Supported Beam with Center Load b) Cantilever Beam with End
Load.

18




the force is applied at the center of the simply supported
beam and at the end of the cantilever beam as seen in Figure
4.

Material properties of the beams are as follows; elastic
modulus E=1,000,000 Pa., shear modulus G=450,000 Pa., density
p=10 g/cm’, length of the beam L=60 m., height h=0.5 m. and
applied force P=1 N.

First a free vibration analysis is performed, for both
simply supported and cantilever beams. The analytical

expression for the natural frequencies is as follows

, (k1)'ET
0= —— (35)
vl

where y is the mass per unit length of the beam and k;1 are
defined values for some beam types.

The results of first three natural frequencies are
presented in Tables 1 and 2. As seen from the results, the
finite element solution agrees with the exact solution very
well. The mode shapes corresponding to first four natural
frequencies are also plotted in Figures 5 and 6. These are
expected mode shapes of the simply supported and the

cantilever beams [Ref. 8].

19




TABLE 1 : NATURAL FREQUENCIES OF SIMPLY SUPPORTED BEAM

0.00395 0.0158 0.0356
0.00395 0.0158 0.0356

TABLE 2 : NATURAL FREQUENCIES OF CANTILEVER BEAM

0.00141 0.00883 0.0247
0.00141 0.00883 0.0247

Then static defl~ ctions of beams are computed. The

analytical solutions for isotropic beams are [Ref. 9]

- —PX (31,2-4x2 L

V-48EI (3L4-4x7) , 0<x< 5 (36)
-Px? 3

v=—zr (3-%) (37

where Eq. (36) is for a simply supported beam and Eg. (37) is
for a cantilever beam. here "I" refers to the moment of
inertia and L is the length of the beam. The results of both
exact solution and finite element solution are plotted in

Figure 7.

20




Figure 5§ : Mode Shapes of the Simply Supported Beam

21
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Figure 7 : Static Deflections of Isotropic Beams; a) Simply Supported Beam ,

b)Cantilever Beam
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Finally a static analysis of a laminated composite beam
with simple supports is performed. The analytical expression
for the deflection of a simply supported beam, which is
subject to three point bending, as shown in Figure 8, is as

follows [Ref. 10]

___PL'x 3_( E‘)z 38
48E’1 L 38)
and the equivalent bending stiffness is defined as
N
EPI=Y. EfI* (39)

k=1

here E,” is the effective bending modulus of the beam, E is

the modulus of the kth layer relative to the beam axis, I* is
the moment of inertia of the kth layer relative to the
midplane, and N is the number of layers in the laminate. The
vertical displacements obtained from the exact solution and
the finite element solution are plotted together, for four and
eight layered beams and for two different ratios of elastic

modulii, in Figures 9 and 10.

24
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Figure 8 : Laminated Beam with Three Point Bending (Simply Supported).

In the static problems, as seen from the figure. the
exact solutions and the finite element solutions agree very
well. From these verification examples, it can be shown that
the beam element provides accurate results compared to exact

solutions.
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Figure 9 : Static Deflections of the Laminated Composite Beam with 4 Layers

a)for E/E4=20, b) for E/E,=100
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Figure 10 : Static Deflections of the Laminated Composite Beam with 8 Layers
a) for Ey/Eg,=20, b) for Ey/Ey=100
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B. NUMERICAL RESULTS

Dynamic analyses are performed for a simply supported
composite beam with four layers, i.e. [0/90],, and with
different crack sizes using contact-impact conditions.
Calculations without contact-impact conditions are also made
and compared to the case computed with contact-impact
conditions. An impulsive load of a very short duration is
applied at the center of the upper portion of a delaminated
section and the displacement response of the beam is recorded
for a period of time.

First displacements at the mid-points of upper and lower
portions of a large crack are calculated and plotted in Figure
11 without using contact-impact conditions, where crack length
is one third of the beam length. As seen from the figure,
these two points overlap each other which is not admissible.
Then for the same crack size, contact-impact conditions are
applied and displacements of the beam is calculated and
plotted. Figure 12 shows the displacements of the beam just
before contact while the displacements at the time of contact
is shown in Figure 13. The displacements just after contact is
shown in Figure 14. Also the responses of the mid-points and
qQuarter-points are plotted in Figures 15 and 16, respectively,
where quarter-points represent the points which are located in

the middle between the crack tip and the crack midpoint for
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both upper and lower portions. Later, the crack size is
reduced to one thirtieth of the beam length and the
displacements of mid-points and quarter-points are plotted in
Figures 17 and 18, respectively. As seen in these results, the
upper and lower portions never penetrate each othexr. This
indicates that the application of contact-impact conditions
works well in simulating delaminated beams. Finally, the
response of a beam without a crack is computed and plotted in
Figure 19 for comparison purpose. Responses of all these cases
are different each other. They may give an idea how an

embedded crack affects the behavior of beams.
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IV. CONCLUSIONS AND RECOMMENDATIONS

The beam element used in this study is useful to model a
crack wi'’ contact-impact conditions. Application of contact-
impact = .ditions constrains the vertical displacements at the
crack in a way that the points on lower and upper portions of
the crack hit each other without penetration.

Computational time depends on the number of degrees of
freedom. The technique, which models the laminated composite
beam using a single beam element, reduces the degrees of
freedom to save time during calculations.

When an impulsive load of a short duration is applied, the
beam responds in different ways depending on whether there is
a crack inside it and what the crack size is. Examining these
results gives an idea about existence of an embedded crack as
well its size and location.

For further studies, delaminated sections may be refined
to see the minimum crack size that can be detected using this
procedure. Also, the Fast Fourier Transform can be applied to
measure the frequency response of a delaminated beam.
Comparing the natural frequencies may give an idea about the
crack size. In this study, a crack is assumed to be along the
middle axis of the beam and the load is applied at the center
of the beam. Locations of cracks and loads may be changed and

the responses can be calculated for different cases.
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Some experiments are being performed to see the response
of beams under impulsive loading. The results obtained from
the procedure described in this study may be compared with

those experimental results for verification.
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